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Uniform approximation of functions of a real or a complex variable by a class of
linear operators generated by certain power series is studied.  © 1989 Academic Press,

Inc.

1. INTRODUCTION

Let ¢(y), ¢! be analytic for | y| <r< oo, with

o]

$(y)= Z acy*
k=0
and a,>0, @, >0; a, =0, k=2, 3, ... There exist [3] b€ (0, 0], a domain
D containing the origin, and a unique function f such that f(0)=0, fis
analytic on D, f(x)>0 for 0 <x<b, and"

f)9'(f(2) _
27 2) =z, zeD. (1.1)

Forn=1,2,..and | y| <r, let
$u(»)=[d(»)]"= ¥ aur” (1.2)
k=0
Define the linear operator

& k
Lk 2) =L@ S anr () (13)
k=0

for those 4, z for which the right-hand side of (1.3) exists. For example, if /4
is bounded on the positive axis and |z]| is sufficiently small, then (1.3) exists
48
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and is also a positive operator on some interval [0, a]. This method
specializes one introduced by Pethe [3], who obtained uniform
approximation of bounded functions. The author [5] studied the order of
approximation of bounded functions with linear combinations of the
special case of (1.3) defined below.

Assume ¢(0)=1 and ¢'(y)=[d(y)]'** with o= —1/m, m=1,2, .., or
az0.If a= —1/m then ¢(y)= (1 +y/m)", f(z)=z(1 —z/m) !, and (1.3) is
the generalized Bernstein polynomial

Ay [ = O R

If =0 then ¢(y)=¢’, f(z) =1z, and (1.3} is just the Szész operator. If ¢ >0
then ¢(y)={(1—ay) >, f(z)=z(1+0ez)" !, and (1.3) is a generalized
Baskakov method. For a=1/m, m=1, 2, .., we have

N 2\ 2 Stk —1 z \° [k
N IO

The Baskakov operator is obtained when a=1.

Becker [1] has discussed weighted global approximation for the Szész
and Baskakov operators. In Section 2 we derive his direct result for (1.3} in
the case @ >0 and also approximate functions having exponential growth
on [0, @] Section 3 contains results on the approximation of analytic
functions.

2. APPROXIMATION ON THE REAL LINE
In this section L, denotes (1.3) with ¢(y)=(1—ay)™* " and «>0.

LemMma 2.1, For x=20andn=1,2,..,

L(Lx)=1; (2.1)
L,(t;x)=x; (2.2)

2
L((t—x);x) =215

(2.3)

Proof. The results follow easily from (1.1}, {12}, (L3}, and
¢'(y)=Lo(»)]' 7=
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LEMMA 2.2. For x=20,n=1,2,.,and r=2,3, ..,

Lt x)= Er: O_ﬁn(n+oc)...j(nn+(l—-1)oc)x1’

i=1

(2.4)

¥

where o' are Stirling numbers of the second kind [2].
Proof. Let y=f(x)=x(1+ax)"!, x>0, in (1.1). Using (1.2),
y6.(9) _ y4'()

b))
Assume
}—%%=n(n+a)m(n+(l—l)a)xl.
Using ¢'(y) = [4(»)]'** we obtain
}i%———)”(—y)=n(n+m)---(n+(l—1)a)(n+loc)x’“
and hence, for /=1, 2, .., x>0, y=£(x),
yzsf:)(lj;):n(n+a)---(n+(l—l)oc)x’.

If x>0 then 0<y<1/a and

umw=MMM*§aM%%'

Jk(k—1)---(k—1+1)
nl’

II

a1 z%yﬁ

d ,y’¢$,”(y)
L )
z’:  an+a)-- (n+(l—1)cx)x,.

I

n

Lemma 2.2 shows that the numbers a, ; in Lemma 3 of [1] are Stirling
numbers, since (2.4) is also valid for the Szisz operator (=0 and
S(x)=x).

Define weights wy(x)=1, wy(x)=(1+x")"!, x=0, N=1,2, .., and
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space Cy={h: he C[0, cv) and wh is uniformly continuous and bounded
on [0, 0)}. For he Cy define [1]

2]l v = sup wy(x) |A(x)],

x=0
A2 h(x)=h(x +24) — 2h(x + A) + h(x),  i>0,

and

wi(h 8)= sup [43h] .

O<i<é

In the sequel the finite constants M, , may have different values at each
occurrence. The next result is an easy consequence of (2.4).

LemMa 2.3. For N=0,1,.,x=20n=1,2,..,

() L1+ x) <My . (2.5)
LemMma 24, For N=0,1, ., heCy,and n=1, 2, ..,

IL (R N < My, o A v (2.6)
Proof. H x=0,
W) | L(h; x)] S w () Al v Lo(1 + 175 x)
and (2.6) follows from (2.5).

LemMma 2.5. For N=0,1,..,x=20,andn=1, 2, ...,

ox? + x>

wa(6) Lol(t = V(1 + %) x) < My ( @7)

Proof. The result is trivial for N=0. For N> 1 and x>0, using (24)
O L ((t—x)tY; x) =L (V2% x)=2xL (t"*%; x) + x2L (" x)

=n---(n+(N+1)“)xN+2+O.N+1n'”(n+Na)xN+1...

2
nN+2 N+ nN+2

X _2[”"‘(”+(N)“)XN+2

+
nN+1 nN+1

2
n---U1+(AL—1)a)xN+1+_.“-+1%]

N
+0-N+1 nN+1

B
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+n--~(n+(N—1)a)xN+2

nN
+0_%_1”"'(”+(N—2)“)x1v+1+ - x?
nN a1
() (e T )

ax?

Nu x X
—-2<1+7)+1:IXN+2+ +;]T—;_I=TAN,'!,“(X)+;I_1V+_I’

where Ay , ,(x) is a polynomial in x of degree N with coefficients that are
bounded in n. Estimate (2.7) follows from (2.3) and the above.

We can now state the direct result. The proof is exactly the same as
[1, Theorem 8], using (2.1), (2.2), (2.3), (2.6), and (2.7).

THEOREM 2.6. For N=0,1, ..., heCy,x=0,and n=1,2, ...,

eI 0= < Maoh ( (B 7), s
where 0(x)=ax?+ x.

Since Becker [1] has shown (2.8) for the Szasz operator («=0), the
Szasz operator provides the best weighted global approximation for the
class of methods gernerated by the analytic function ¢ with ¢(0)=1 and
¢'(y)=[o(¥)1*** a>=0. Also, (2.8) implies uniform convergence on [0, a]
for functions, 4, having polynomial growth on [0, oc). Our next theorem
yields uniform convergence for functions with exponential growth on the
positive axis.

THEOREM 2.7. If h is continuous on [0, a], continuous from the right at
a, and, for some finite number A, |h(x)| < e, x =0, then

lim L, (h x)=h(x) (2.9)

n— oo

uniformly on [0, a].
Proof. Choose S> A/In(1/aa+1) and let n= S, 0< x<a. Then

A/n

e’x

0<

1
= <—
I14+ax «
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and
e x/1 +ax)]" B
L At — —_ _ Afn ( n/oc.
e x) [_‘__—qﬁ(x/l—f—ax) [1—(e 1)ox]
Using L’Hopital’s rule,
lim L, (e?; x)=e"" {2.10)

uniformly on [0, a].
Let 0<x<a, ¢>0, and choose 6>0 such that |A(r)—h(x) <e if
[t—xl<d, 0<x<a, and 0<t<a+0. Let

au(f(x))*

i %) = ————=

$af(x))
where f(x)}=x(1 +ax) " and n>24/In(1/ua + 1}. Then

h (%‘) — h(x)

(LB x)—h(x)[< ) culx)

\k/n—x|<é
k
+ Y cux)|Al=)—h(x)
\k/n—x| =6 n
o \? 1 &k -
- —— _ o /n
<e+— ]EO <n x) cnk(x)+5k§0 ~—x calx)e

Ax

St S L= x5 0) 5 [l = 0% ) L (0245 )]

and (2.9) follows from (2.3) and (2.10).
If he C[0, o) and, for some finite A,

im |A(x)]

Ax

< oo,

X =

the proof can easily be modified to yield (2.9). We cannot allow 4 to grow
any faster. For example, let A(x)= e £>0. For n>1 and x>0,

- k
. ot n(n+a)-~-(n+(k—1)06)( i > k/myl+e
L (h;xy=(1+ax) kgl ‘kg 1 4ox (¢™)
) k/nyl+e
i nx \ k(")
> (1+ax) k§1(1+ax> Ikt

and the last series is divergent. Theorem 2.7 is well known for the Szasz
operator (see [4]).
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3. APPROXIMATION IN THE COMPLEX PLANE

Our final results deal with the approximation of analytic functions. In
the first theorem, L, is the generalized Baskakov method of Section 2,
while L, denotes the generalized Bernstein polynomial (1.4) in Lemma 3.2
and Theorem 3.3.

TueoREM 3.1. If a>0, h is entire, and for some finite number A,
|A(x)| <e*™, x>0, then

lim L,(k;z)=h(z) (3.1)

n— 00

uniformly on compact subsets of Re z> —1/2u.

Proof. Let

h(z)= Y a,z° |z} < c0.
v=0

Without loss of generality, we may assume «a,>0, v=0, 1, .., since we
can write h=h; —h,+ i(h; — h,) where the ks have nonnegative Taylor
coefficients. Let S be a compact subset of Re z> —1/2a. Since
f(z)=z(14+0z)"! is analytic on Re z> — 1/2a and maps that set into
Iyl <1/a, f(S) is a compact subset of |y| <1/x. Thus there exists 4 such
that ze S implies |z/(1 +az)| <1/A<1/a. Hence L,(2% z) is analytic on
Rez> —12x for v=0,1,2,... Let "

zet™ | 1
‘2:{ T+ az <a}={212=x+fy and (x—c,) +)* <72},
where
1 edin
cn=-——a(eu/,,_1), rnzm.

Since |A(x)| < e for x=0, an argument similar to the above shows
L,(h; z) is analytic on Q, for each n=1,2, .. Next Q,<Q,,,c --- <
Re z> —1/2a. Choose N such that a/l<1/e”Y <1 and it follows that
S« @, for n= N. Theorem 2.7 gives

lim L,(h, x)=h(x), O0<x<cytry.

n-— o0
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Since L,(¢% z) is analytic for Re z> —1/2«, using (2.4) we see that (2.4}
holds for Re z> —1/2a. If ze 2, then

Y wlL, (< Y o, L% [21) S Ly(hs ey + ry) < co.

v=0 v=0
Hence

2 %, L(t%2)
v=0

is analytic for ze Q,,n=1, 2, ... Since

Ly(h; x)=Y a,L,(t" x)
=0
for 0<x<cy+ry, we have

L,(hz)= % o,L,(t"z2)
v=0
for ze Qy and n> N. Finally, {L,(4; )}, n>N, is a uniformly bounded
sequence on compact subsets of 2. By Vitali’s convergence theorem

lim L,(kh;z)=h(z)

uniformly on compact subsets of 2, and (3.1) follows.

Analogous to the remark following Theorem 2.7, the proof of Theorem
3.1 can be modified to obtain conclusion (3.1) if / is entire and there exists
a finite number 4 such that

|A(x)]

Ax

lim

x—oc €

< 0.

In particular, Theorem 3.1 is valid for entire functions of exponential type.
For the Szész operator, uniform convergence is obtained on compact
subsets of the finite plane [4].

In the sequel let ¢(y)= (1 +y/m)™, f(z)=z(1 —z/m) "', m=1,2, .., and

au(f(2))*

euz) =20

[e(f(2)]”

LemMma 32, ForO<x<m, k=0,1,.,andn=1,2, ..,

2
1<x—x—) () = (§~ x) (). (3.2)

n m
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Proof. Let 0<x<m. Using ¢'(y)=[¢(¥)]' ™,

. e {k(f(x))""f’(x)_ (f(X))"f’(x)n}
wlX) = \ TG FNT BT
. o ka(SO)ET awlfG)
= NI {nw(f(xm"-“m"[¢(f(x>>]"}‘

But
x =L e
and hence
| _S')g(f(x))] “Umfxy S (x)1 T
f(x) mf (x)
RIS
o f (X)( m>'
Therefore
L, ka0 ) (P
n(" )C"""‘) [¢(f(x))]"f(x)( m)
nk(f(x))kf (.X) X2 i/m
T () U
_ nk(f(x))k >
“T(eNT ( —F
=c.{x) <§—x> .
THEOREM 3.3. If m is a positive integer,
h(z)= f |z| <m,

with

o, | m¥ < o0,

I P18
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and L, (h; z) is the generalized Bernstein polynomial {1.4), then

lim L,(hz)=h(z) (3.3)

n—
uniformly on |z{ < m.

Proof. As in the proof of Theorem 3.1 we may assume «,>0,
v=0, 1, ... From [3] we have

lim L, (h; x)=h(x), 0<x<m.

n— O

The proof of Lemma 22 with a= —i/m, ¢{(y)={1+y/m)", and
y=f(x)=x(1 —x/m)~! shows that (2.4) holds for 0 < x <m. Therefore

L(t%2)= i O'ID n{n—1/m) n(:g-—(l— 1Y/m) i
I=1

(3.4)
for all complex z. When r > mn the coefficients of z’ vanish for /> mn. From
{34) and

Lhsx)=Y a,L,(x), O0<x<m,
v=0

we see that

0

2 %L1 )

v=0

converges uniformly on |z| <m. Hence
L(h;z)= 3 o,L,(t5z2), |z|<m.
v=0

Just as in the proof of Theorem 3.1,
nlingo L,(hz)=h(z)
uniformly on compact subsets of |z| <m. In particular, we have uniform
convergence on each disk |z| <p <m. Using (34),
| Lol 2 < Loy(hs pY < Lo(h; m)
for |z| < p <m. By continuity

|Lo(h; 2)] < Lo(h; p)
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for |z] < p<m. Next, for any |z| <m, p<|z| <m, z=1te", we have
. z s
| L3 2) = L, (k3 pe)| < [[ L35 xe™)| dx
14

L,(h;ty—L,(h;p)<(t—p) L,(h; m).

Therefore the functions L,(#; z) will be equicontinuous in |z| <m if the
sequence {L,(h; m)} is bounded. From (2.1), (2.2), which are true for (1.4),
and (3.2)

< L4tk ) = () L= 5) (0

(=)
() L @)= 370
=0

(=

for 0 < x < m. By continuity,

L,((t—x)(h(x) + A" ()1 — x)); x)

L,((t—x)% x) k' (m) = h'(m)

< Ly(h; m)<h'(m).

Finally, since the L,(h;z) converge uniformly to A(z) on each disk
|z| €£p <m, and are equicontinuous on |z| <m, they converge uniformly on
|z| <m and (3.3) is proved.
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